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We investigate the effect of near threshold resonances in reactive scattering at low energy. We find a general
type of anomalous behavior of the cross sections, and illustrate it with a real system (H2 + Cl). For inelastic
processes, the anomalous energy dependence of the total cross sections is given by σ ∼ ε−3/2. The standard
threshold behavior given by Wigner’s law (σ ∼ ε−1/2) is eventually recovered at vanishing energies, but its
validity is now limited to a much narrower range of energies. The universal anomalous behavior leads to
reaction rate coefficients behaving as K ∼ 1/T at low temperatures, instead of the expected constant rate of the
Wigner regime. We also provide analytical expressions for s-wave cross sections, and discuss the implication in
ultracold physics and chemistry.
In recent years, the level of control over the interaction in
ultracold gases, e.g., by using magnetically tuned Feshbach
resonances [1] or by orienting ultracold molecules [2, 3], has
allowed the investigation of various phenomena in degener-
ate quantum gases (e.g., BEC-BCS cross-over, solitons, multi-
component condensates, etc.) [4, 5], as well as of exotic three-
body Efimov states [6]. The advances in the formation of cold
molecules [7–9] are paving the way to the study [2, 10] and
control [11] of cold chemical reactions. In many of these stud-
ies, resonances near the scattering threshold are a key ingredi-
ent, as recently explored experimentally [12–14] and theoret-
ically [15] in chemistry of low temperature systems.
In this Letter, we explore the effect of near threshold reso-
nances (NTR) in the entrance channel of a reactive scattering
system. In the absence of NTR, it is well known that scat-
tering cross sections behave at ultralow energy ε according to
Wigner’s threshold law [16]; namely, the elastic cross section
tends to a constant, while the inelastic cross sections behave
as ε−1/2, when ε → 0. However, Wigner cautioned that, when
resonance poles are present near channel thresholds, renewed
attention should be paid to the low energy behavior of cross
sections [16, 17]. Indeed, resonances in low energy collisions,
originally analyzed by Bethe [18] for collisions between neu-
trons and nuclei, and by Fano in atomic collisions [19], may
affect the threshold behavior.
For our study, we selected a barrier-dominated reaction
containing a large number of channels, namely H2 + Cl → H
+ HCl. In particular, for H2 in the initial ro-vibrational level
(v=1, j=0), the shallow potential well of the Cl· · ·H2 van der
Waals complex supports quasibound states, which can lead to
resonances in the entrance arrangement (see Fig. 1) [20]; note
that there are no nearby closed channels that could give Fes-
hbach resonances. This system was recently investigated at
ultralow temperatures by Balakrishnan [21]. To explore the
effect of near threshold resonances (NTR) on reactive scatter-
ing, we vary the mass of H, as was done in [22], so that the
channel thresholds in both arrangements H2–Cl and H–HCl
shift at different rate, an approach similar to modifying the
potential surface itself [23]. The scattering cross section from
an initial internal state i to a final state f is given by [24]
σi→ f (εi) =
pi
k2i
∞
∑
J=0
(
2J+ 1
2 j+ 1
)
∑
ℓ
∑
ℓ′
∣∣δi f − SJi f ∣∣2 , (1)
where ℓ = |J− j|, . . . ,J + j and ℓ′ = |J− j′|, . . . ,J + j′; J =
j +ℓ = j ′+ℓ′ is the total angular momentum, with molecular
rotational momentum j and orbital angular ℓ in the entrance
channel i, and corresponding quantum numbers J, j, and ℓ
(the primes indicate the exit channel f ). Here, εi = h¯2k2i /2µ is
the kinetic energy with respect to the entrance channel thresh-
old, ki the wave number, and µ−1 = m−1H2 +m
−1
Cl the reduced
mass in the entrance arrangement. We are focusing on the ef-
fect of resonances at ultralow temperatures, and thus consider
only s-wave scattering with ℓ = 0, which requires J = j and
thus (2J+ 1)/(2 j+ 1) = 1. In addition, we limit ourselves to
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FIG. 1. Rovibrational energy levels for H2 and HCl. For H2 we show
the rotational series for v = 0 (dashed blue) and v = 1 (solid black).
Similarly for HCl, we have v = 0 (dashed green), v = 1 (solid red)
and v = 2 (dot-dashed cyan). The inset shows the diagonal matrix
elements of the potential energy surface for the rovibrational chan-
nels that are near the entrance channel; the dashed line represents a
weakly quasi-bound level for the van der Waals complex Cl· · ·H2 in
the entrance channel H2(1,0).
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FIG. 2. Real (α) and imaginary (β ) components of the scattering
length as functions of the mass of the hydrogen atom m. The true
masses of hydrogen and deuterium are indicated by circles. We ex-
tracted the value of α from the complex phase of the diagonal matrix
element Sii (see text) and β from the total inelastic cross section, at
the lowest collision energy used in our computations, E/kB = 1 nK.
molecules initially in their rotational ground state with j = 0,
so that J = 0, and thus ℓ′ = j′. This simplifies Eq. (1) to
σi→ f (εi) =
pi
k2i
∣∣δi f − SJ=0i f (ki)∣∣2 . (2)
We note that with ℓ′ = j′, the centrifugal term in the exit
channels becomes large for high rotational diatomic levels and
makes the van der Waals potential well disappear (see Fig. 1).
For the sake of clarity, we omit the subscript i in εi and ki, and
J in SJ=0i f , in the rest of this Letter.
In the zero-energy limit, the elastic and total inelastic cross
sections are described in terms of the complex scattering
length [25] a = α− iβ for a given entrance channel i,
σ in.(ε) ≡ ∑
f 6=i
σi→ f (ε) →
4pi
k β ,
σ el.(ε) ≡ σi→i(ε) → 4pi(α2 +β 2) .
(3)
Although these limits remain valid in the presence of NTR,
their applicability will be limited to a much narrower domain
of energies. For the remainder of the low energy regime, a
new behavior emerges, as we now show.
The results we present here were obtained using the ABC
reactive scattering code of Manolopoulos and coworkers [26],
which we have optimized for ultralow energies. We used the
potential energy surface developed by Bain and Werner [27].
Fig. 2 shows the variation of the real and imaginary parts of
the scattering length for the entrance channel H2(v = 1, j =
0)+Cl, as we scan the mass m of H. The open circles indicate
the true masses of H and D; H lies on the wing of a reso-
nance in the entrance channel, which gives a sharp increase
for β . In Fig. 3, we show the total inelastic cross section (in-
cluding both quenching and reaction) as a function of m for
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FIG. 3. Total inelastic cross section as a function of mass m of H
for different scattering energies in units of Kelvin. The inset shows
σ in. in the vicinity of the resonance with the vertical dashed lines
corresponding to m = 1.0078u = mH (true mass, in black), 1.038 u
(red), and 1.042 u (blue), from left to right respectively.
a few energies (in Kelvin). From Eq. (3), we expect σ in. to
simply scale as ε−1/2, i.e., showing as equidistant curves for
the energies chosen in the logarithmic scale; this is indeed the
case, except in the vicinity of the resonances. In the inset,
we zoom on the resonance, with three masses m of increasing
values being singled out (dashed vertical lines) corresponding
to 1.0078 u= mH (true mass), 1.038 u, and 1.042 u, respec-
tively; the inset indicates that the energy dependence follows
Wigner’s threshold law only for mH, and departs from it as
m approaches the resonance. Thus, we focus our attention on
these three masses, and we analyze in detail the energy depen-
dence of the cross sections.
In Fig. 4(a), we show the low energy behavior of σ in. for
the three masses selected above. When ε → 0, σ in. reaches the
Wigner’s regime, scaling as ε−1/2 for all three masses. How-
ever, for masses closer to the resonance shown in Fig. 3, the
scaling changes to ε−3/2. In addition, the behavior appears to
be universal, i.e., as m nears the resonance, σ in. has the same
value until it deviates from the universal NTR ε−3/2 scaling
to join the Wigner ε−1/2 scaling at lower collision energies.
For completeness sake, we also show the elastic cross sections
σ el. for the same masses in Fig. 4(b); the Wigner regime’s
constant cross section as ε → 0 changes to the expected ε−1
scaling for m near a resonance. Finally, Figs. 4(c) and (d) de-
pict the corresponding rate coefficients Kin.(T ) and Kel.(T )
obtained from thermal averaging with a Maxwell distribution
of relative velocity vrel. characterized by the temperature T ,
i.e., K(T ) = 〈vrel.σ〉T . Again for m close to the resonance,
there is a significant enhancement of Kin. scaling as T−1 until
T is small enough that the Wigner regime is reached and Kin.
becomes constant. The corresponding scaling for Kel. changes
from T−1/2 for NTR to T 1/2 for Wigner’s regime. This change
in behavior is due to the fact that, for m ≈ 1.042 u, the poten-
tial well of the Cl· · ·H2 van der Waals complex is acquiring
a new s-wave bound state; this so-called zero energy bound
state is responsible for the large increase of the probability
3100
102
104
106
108
σ
ei
n.
 
(a.
u.)
10-9 10-6 10-3 100
Kinetic energy (K)
10-1
101
103
105
107
109
σ
el
.   
(a.
u.)
m = 1.042m = 1.038
m = mH
m = m
H
m = 1.038
m
 = 1.042
σ in.
~
 k -1
σ in.
~
 k -3
(a)
(b)
σ el.
~
 k -2
σ
el.
= const.
10-12
10-11
10-10
10-9
10-8
K
in
.   
(cm
3 /s
)
10-8 10-6 10-4 10-2 100
Temperature (K)
10-13
10-12
10-11
10-10
10-9
K
el
.   
(cm
3 /s
)
T -1
const.
T -1/2
T 1/2
(c)
(d)
FIG. 4. Energy dependence of the reaction cross section (a) and elas-
tic cross section (b). Temperature dependence of rate coefficients for
reaction (c) and elastic scattering (d). The results shown are for the
entrance channel H2(v=1, j=0) + Cl → H + HCl, and they corre-
spond to different masses of H, as indicated for each curve.
amplitude at short range, where the reaction takes place.
This anomalous behavior (namely, an abrupt increase fol-
lowed by a gradual transition into the Wigner regime as the
energy decreases) is due to the presence of a resonance pole
near the threshold of the entrance channel. To understand
it, we focus our attention on the S-matrix. Recalling that
∑ f |Si f |2 = |Sii|2 + ∑ f 6=i |Si f |2 = 1, and using Eq. (2), we
rewrite the cross sections in Eq. (3) in terms of the diagonal
element Sii(k);
σ in.(ε) =
pi
k2
(
1−|Sii(k)|2
)
, (4)
σ el.(ε) =
pi
k2 |1− Sii(k)|
2. (5)
The analytical properties of the S-matrix for single-channel s-
wave scattering follow from those of the Jost function J (k);
S(k) = J (k)
J (−k) . (6)
Specifically, if k = z is a zero of the Jost function (and of the
S-matrix), then k =−z is a pole of the of the S-matrix. Hence,
given a resonance in the entrance channel i, we rewrite the
diagonal S-matrix element as a product of a resonant part (due
to a zero of S located at k = z) and a non-resonant part ˜Sii(k)
Sii(k) =
z− k
z+ k
˜Sii(k) . (7)
The background contribution ˜Sii(k) is assumed to be a slowly
varying function of k, and can be described as ˜Sii(k) = e2i
˜δi ,
where the background phaseshift ˜δi is implicitly for the ℓ =
0 partial wave. Here, we are interested in the case when |z|
is very small, such that the energy associated with the pole,
|Ez|= h¯2|z|2/2µ , is within (or near) the ultracold domain.
Writing the background scattering length as a˜i = α˜i − i ˜βi,
and assuming that ˜δi ≈−ka˜i as k → 0, we get
˜Sii(k) = e−2ika˜i = e−2ikα˜ie−2k
˜βi , (8)
so that | ˜Sii(k)|2 = e−4k
˜βi
. Expressing the zero in the complex
plane as z ≡ z′− iz′′, then |Sii(k)|2 = e−4k
˜βi |z− k|2/|z+ k|2 in
Eq. (4) leads to
σ in. =
pi
k2
e−2k
˜β
|z+ k|2
{
2(k2 + |z|2)sinh(2k ˜β )
+ 4kz′ cosh(2k ˜β )
}
, (9)
where we omitted the channel subscript. As k → 0, we re-
cover the two different behaviors shown in Fig. 4(a). Namely,
depending on the relative values of k and z, we have:
• Wigner regime (k ≪ |z|)
σ in. ≃
4pi
k e
−2k ˜β
(
z′
|z|2
+ ˜β
)
−−−→
k→0
4pi
k β . (10)
• NTR regime (|z| ≪ k)
σ in. ≃ 4pi e−2k ˜β z
′
k3 −−−→k→0 4pi
z′
k3 . (11)
In Eq. (10), the imaginary component of the background scat-
tering length, ˜β , is augmented by a contribution from the res-
onance at k = −z. This is also true for the real component;
writing Sii = e2iδ with δ ≈ −ka as k → 0, and expanding (7)
to the leading order in k, so that 1−2ika≈ 1−2ik(a˜− iz ), we
identify a = a˜− iz . Separating the real and imaginary compo-
nents, we have
α = α˜ +
z′′
|z|2
, (12)
β = ˜β + z
′
|z|2
. (13)
If z is very close to zero, the effect on the Wigner’s regime can
be significant, with large increases of the cross sections from
their background values.
Fig. 5 shows the inelastic probability 1− |Sii|2 for various
masses ranging from the true mass of hydrogen (m = mH) to
m = 1.042 u. The linear scale accentuates the asymmetrical
profile of the inelastic probability near threshold, and the good
agreement between the numerical results and the analytical
expression (9). The values of ˜β and z can be obtained by fit-
ting the calculated σ in. to Eq. (9). The inset shows the results
for m = 1.042 u on a log-log scale, together with the maxi-
mum possible value of unity (corresponding to the unitarity
limit, when Sii = 0). It reveals the simplicity of the low en-
ergy behavior in the presence of NTR; the Wigner power-law
scaling for k ≪ |z|, a different power-law for k ≫ |z|, and the
transition between the two regimes taking place near k ≈ |z|.
The inset also illustrates the deviation of the analytical expres-
sion from numerical results at larger k, where δ ≃−ka ceases
to be valid. Finally, the state-to-state results for all final chan-
nels are also shown, exhibiting the same resonant behavior.
It also emphasizes that although Eq. (9) is rather simple, the
coupled channel computations are quite complex, involving
several hundreds of channels (open and closed).
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FIG. 5. Momentum (lower scale) and energy (top scale) dependence
of the total inelastic probability σ in.k2/pi = 1− |Sii|2 for different
values of m on linear scales: symbols for the full (exact) computation,
and lines for the analytical formula (9). Inset: results for m = 1.042 u
on logarithmic scales, showing the many individual state-to-state in-
elastic probabilities (thin black lines). The dashed horizontal line
marks the unitarity limit.
For the sake of completeness, we apply the same approach
to the elastic cross section (5) and obtain
σ el. =
pi
k2
2e−2k ˜β
|z+ k|2
{
(k2 + |z|2)cosh2k ˜β + 2kz′′ sin2kα˜
+ 2kz′ sinh2k ˜β +(k2−|z|2)cos2kα˜
}
. (14)
Again, as k → 0, two different behaviors are found:
• Wigner regime (k ≪ |z|)
σ el. ≃ 4pi e−2k ˜β
{
1
|z|2
+(α˜2 + ˜β 2)+ 2
|z|2
(z′′α˜ + z′ ˜β)
}
= 4pi e−2k ˜β |a|2 −−−→
k→0
4pi |a|2 . (15)
• NTR regime (|z| ≪ k)
σ el. ≃
4pi
k2 e
−2k ˜β {1+ |z|2(α˜2 + ˜β 2)+ 2(z′′α˜ + z′ ˜β)}
≈
4pi
k2 e
−2k ˜β −−−→
k→0
4pi
k2 . (16)
Above, we expressed explicitly a=α− iβ in term of Eqs. (12)
and (13). These results for the elastic cross section are well
known and simply understood in term of the phase shift varia-
tion. For k → 0, δ ≈ −ka leads to S = e2iδ ≈ 1− 2ika and
Eq. (5) gives σ el. ≈ 4pi |a|2. However, when the potential
gains a new s-wave bound state near a resonance, the phase
shift abruptly reaches ±pi/2 (or ka quickly reaches large val-
ues even though k is small), giving then S ≈ e±ipi = −1 and
σ el. ≈ 4pi/k2.
We conduct our analysis in the complex k-plane rather than
the energy’s, since the complex energies associated with both
the zero (k = z) and the pole (k =−z) are the identical;
Ez =
h¯2(±z)2
2µ ≡ εz− ih¯
Γ
2
, (17)
with εz = h¯
2
2µ (z
′2− z′′2) and Γ = 2h¯µ z
′z′′ remaining unchanged
for ±z. As shown in Eq. (11), we must have z′ > 0 for a
physical cross section, and thus the decay rate Γ of the vdW-
complex is positive (physical) in the quasi-bound case (z′′ >
0), and negative (hence, unphysical) in the anti-bound case
(z′′< 0). For an s-wave NTR, inelastic scattering alone cannot
distinguish between shallow bound and anti-bound (virtual)
states, since σ in.(k) depends on (z′′)2 (see Eq. (9)).
In conclusion, we found that a near threshold resonance
(NTR) splits the s-wave low energy domain in two distinct
regimes, with the total inelastic cross section gradually tran-
sitioning from the well known k−1 Wigner regime into the
k−3 NTR regime. We derived simple analytical expressions
for both elastic and total inelastic cross sections as a func-
tion of the position of the zero/pole of the S-matrix, and found
very good agreement with values obtained numerically. This
s-wave k−3 NTR behavior is a general feature, but its pres-
ence can be masked by higher partial wave contributions. Al-
though previous work hinted at such effect using mass-scaling
[22, 28] or external fields [29], the new universal NTR k−3
behavior shown in Eq. (9) remained elusive until now. We
revealed the effect of NTR in a benchmark atom-diatom reac-
tive scattering by mass-scaling, but it is should appear in any
system with a zero-energy resonance, such as in photoasso-
ciation [30, 31], collision [32], or spin-relaxation in ultracold
atomic samples [33]. The modified k−3 inelastic cross section
will impact not only the interpretation of experiments such as
[14], but also theories developed to account for resonances in
ultracold molecular systems [15].
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